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Abstract 

The objective of this paper is to extend an estimation method of pa- 
rameters of the stable distributions in R d to the regularly varying tails 
distributions in an arbitrary cone. The consistency and the asymptotic 
normality of estimators are proved. The sampling method of regrouping 
is modified to optimize the rate of convergence of estimators. 

Resume 

Le but de notre travail est de generaliser une methode d'estimation 
des parametres des lois stables dans R d a des lois a queue reguliere dans 
un cone arbitraire. La consistance et la normalite asymptotique des es- 
timateurs sont prouvees. La methode d'echantillonnage par paquet est 
modifiee afin d'optimiser la vitesse de convergence des estimateurs. 
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1 Introduction 



A random Revalued vector X has a regularly varying tail distribution with 
characteristic exponent a > if there exists a finite measure a in the unit 
sphere S^ 1 such that MB G B{S d ~ x ) with (7(95) = 0, 

i im o^) p {M eS ' m>:r }^ (i?) ' (L1) 

where L is a slowly varying function, i.e., -j^y — > 1 as x — > oo, VA > 0. 
The measure a is called spectral measure. Regular variation conditions appear 
frequently in the studies of the limit theorem for normalised sums of i.i.d. ran- 
dom terms, see e.g. [20] and [13], and the extreme value theory, see e.g. |18| . 
Regular variation is necessary and sufficient conditions for a random R d -valued 
vector belongs to the domain of attraction of a strictly a-stable distribution 
with a G (0,2), see e.g. [T]. 

Definition (jl.ip of regular variation makes sense in any space, where addition 
of elements and multiplication by positive scalars are defined, i.e., in any convex 
cone. Regular variation defined in general metric spaces was studied in |12) . 
The characterisation of a-stable distributions on convex cones and how possible 
values of the characteristic exponent a relate to the properties of the cone were 
investigated in [5]. 

We are interested in the problem of estimation of the characteristic exponent 
a and the spectral measure a of a regularly varying tail distribution on convex 
cone. By using the relation between the stable distributions and the point 
processes Davydov and co-workers (see [7], [8] and [16]) proposed a method to 
estimate the parameters a and a of the stable distributions in Mr. The objective 
of this work is to extend this method to the regularly varying tails distributions 
in an arbitrary cone. 

Suppose that we have a sample £i, ^2> • • • j £iV) taken from a regularly varying 
tail distribution with unknown exponent a and unknown spectral measure a. 
We divide the sample into n groups G m i, . . . , G mj „, each group containing 
m random elements. In practice, we choose n = [N r ] 1 r G (0,1), and then 
m = [N/n], where [a] stands for the integer part of a number a > 0. As N tends 
to infinity, we have nm ~ N. Let 

m£J = max{||£|| | £ G G m ,J, i = l,...,n, (1.2) 

that is, denote the largest element in the group G m ^. Let £ r „,i = £ 3 = 

£j(m,i) where the index j(m,i) is such that 

Uj(m,i)\\ =m£J. (i-3) 

We set 

= max{||£|| I £ G G m ,i\{U,i}}, * = !,.••,«, (1-4) 
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(2) 

that is, denote the second largest element in the same group. Let us 

denote 



M (2 



S n — / Hm,i (1-5) 



ra.i i=l 



and 



u N = (1.6) 



The regular variation condition (|1.1| implies 

P{U\\>x} = x- a L(x)+o(x- a ) as x^oo (1.7) 

where L is a slowly varying function. In the sequel we will need the stronger 
relation : for sufficiently large x and for some j3 > a 

P{||f || > x} = Cix- Q + C 2 x~ p + o{x- p ). (1.8) 

In the case of R d , under the regular variation assumption and the second- 
order asymptotic relation (|1.8j) . the consistency and the asymptotic normality 
of the estimator c\n were proved firstly for n = m = [yN] in [5] and then for 
more general setting as before in Qj5]. We resume these results in the following 
theorem. 

Theorem A. (1161) Let £, £i, • • • , £jv be i.i.d. random M. d -valued vectors with a 
distribution satisfying ( f 1. 7)) and let n = [N r ], r £ (0, 1), m = [N/n], then 



-S n -2^-> (1.9) 
n jv-yoo 1 + a 

// t/ie distribution of £ satisfies jl.8\) with < a < /? < oo and we choose 

n = JV ac/(i+20-e ] m = 7V i/(i+2C)+e ) (110) 

where £ = (/3 — a)/a and e — > as iV —> oo, then 



\fn ( -£„ - 



n a + 1 




AA(0,1). (1.11) 



In [8] an estimator of normalized spectral measure a was proposed as fol- 
lowing. We set 

llsm,i|| 

where £ mi is defined by (jl.3[) . Let us denote 

n 

^(. ) = _^ (5 (.). (1.13) 

i=l 
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Random vectors 9 m ^\, . . . ,9 m ^ n are i.i.d. and it is proved in [5] that <tjv( - ) is 
consistent considering a fixed set B, that is, VB £ B(S d ~ 1 ) with a(dB) = 0, 

& N (B)^a(B). 

By finding a countable collection of the tr-continuity sets which is closed under 
the operation of finite intersection, we obtain <tjv =>" <J as N — > oo, where => 
indicate convergence in distribution. The asymptotic normality for <jn{B) was 
proved in [7] . All these relations were obtained under the assumption that n = 
to. Inspired by the work in |16j we modify the sampling method of regrouping 
and discuss the convergence rate of the estimator of spectral measure. 

Although in the above-mentioned papers the result proved only for a Re- 
valued sample, it is easy to see that the proposed estimators can be defined in 
any normed cone and the properties of estimators hold if the relation of the 
order statistics (6.1) from [5] can be verified. 

In Section [5] we summarise several basic definitions related to convex cones 
and regular variation. The main result of the paper is contained in Section [3] 
and 01 The last section contains the proof of results presented in the previous 
sections. 

2 Preliminaries 

We summarise several basic definitions related to convex cones and regular vari- 
ation. For more detailed introduction we refer the reader to the paper [6]. 

Definition 2.1. An abelian topological semigroup is a topological space IK 
equipped with a commutative and associative continuous binary operation +. 
It is assumed that IK possesses the neutral element e satisfying x + e = x for 
every x £ IK. 

Definition 2.2. A convex cone is an abelian topological semigroup IK being a 
metrisable Polish (complete separable) space with a continuous operation (x, a) — > 
ax of multiplication by positive scalars for x £ IK and a > so that the following 
conditions are satisfied 

1. a(x + y) — ax + ay, a > 0, x,y £ IK 

2. a{bx) = (ab)x, a, b > 0, x £ IK 

3. Ix = x, x £ IK 

4- ae = e, a > 0, e is the neutral element of IK. 

IK is called a pointed cone if there is a unique element called the origin 
such that ax — > as a \. for any x £ IK \{e}. 

Definition 2.3. A pointed cone IK is said to be a normed cone if IK is metrisable 
by a metric d which is homogeneous at the origin, i.e. d(ax,0) = ad(x,0) for 
every a > and x £ IK. The value \\x\\ = d(x,0) is called the norm of x. 
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In the following sections it is assumed that K is a normed cone. It is obvious 
that ||x|| = if and only if x = 0. Furthermore, if e 0, then 4) of Definition 
1 2. 2 1 implies that ||e|| = d(e, 0) = oo. It is therefore essential to allow for d to take 
infinite values. For instance, if K is the cone K + = [0,oo] with the minimum 
operation, then the Euclidean distance from any nonempty x G R+ to oo (being 
the neutral element) is infinite. 

The set 

S = {* | ||*||=1} 

is called the unit sphere. Note that S is complete with respect to the metric in- 
duced by the metric on K. The existence of the origin implies that ||x|| < oo for 
all x G K \{e}, therefore IK admits a polar decomposition. This decomposition 
is realised by the bijection x O between 

K' = K\{0,e} 

and (0, oo) x S. 

In addition to the homogeneity property of the metric d, we sometimes 
require that 

d(x + h,x) < d(h,0) = \\h\\, x, h G K. (2.1) 

Then the metric (or the norm) in IK is said to be sub-invariant. If IK is a 
group, then an invariant (thus also sub-invariant) metric always exists, i.e. (|2.ip 
holds with equality sign. This constraint is not trivial, for instance the cone 
(K.+ , V) with the maximum operation and Euclidean metric does not satisfy the 
condition (|2.1D . 

Before giving the definition of regularity for the random element in a cone 
IK we recall the definition of a regularly varying function. We say that L is a 
regular varying function of index a at infinity (respectively at origin) and we 
denote L G R a (respectively L G R a (Q+)) if 

L j^ X } -> x Q , as x -> oo (x -> 0) for all A > 0. 
L(x) 

In particular, if a = the function L is called slowly varying function. 

Definition 2.4. A random K' -valued element X has a regularly varying tail 
distribution if there exists a finite measure a on the unit sphere S, a number 
a > and a slowly varying function L such that the convergence hl.l\l holds for 
all B G B(S) with a(dB) = 0; here \\ ■ \\ is the norm in IK. 

The measure a is called spectral measure, and a is called characteristic 
exponent or simply tail index. The fact that X has a regularly varying tail 
distribution with tail index a and spectral measure a will be noted later by 
"X G VR(a, c) " • 

There are various characterizations of the property X G VR(a, a) (see e.g. 
|14)V We give here an equivalent definition. 
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Definition 2.5. A random IK' -valued element X <G VR(a, er) if there exists a 
slowly varying function L such that for all r > and B £ B(S) with cr(dB) = 

mn nP jpL e B , \\X\\ > r6„J = ^r"", (2.2) 

where b n — n x l a L{n). 

It is well known that in M. d the convergence (|2.2p are equivalent to the con- 
vergence in distribution of binomial point processes f3 n = Ylk=i ^ k /b n to a 
Poisson point process 7T QiCT whose intensity measure has a particular form |18j . 
This result is generalized to random elements in an abstract cone [6j. More- 
over, in a cone which possesses the sub-invariant norm, the convergence (|2.2[) 
with a G (0, 1) implies that X belongs to the domain of attraction of a strictly 
a-stable distribution (see Th. 4.7 [5]). 

Typical examples of cones that fulfil our requirements are Banach spaces or 
convex subcones in Banach spaces; the family of compact (or convex compact) 
subsets of a Banach space with Minkowski addition, see e.g. [8] [11] [10]; the 
family of compact sets in M. d with the union operation, see e.g. [15]; the family of 
all finite measures with the conventional addition operation and multiplication 
by numbers, see e.g. [5] \T7\. Another typical example is the set R + = [0, oo) 
with the maximum operation, i.e. x + y = x \/ y = max(x,y). Max-stable 
distributions appear in this case. More information on these and other examples 
can be found in [B]. 



3 The consistency of estimators 

We assume that £i, £2, ■ • ■ , £w are i.i.d. random K- valued elements with a 
regularly varying tail distribution. For our purposes we suppose that the spectral 
measure is normalized, i.e., a(S) = 1. Our aim is to estimate a and a from the 
sample. The estimators and <tn(-) are defined by (|1.6|) and f)l . 13[) . To 
establish consistency of these estimators we need two auxiliary results below. 

Let X be a K'-valued random element, we denote G(x) = P{||X|| > x}. Let 
Yi, I2, • ■ • be the random variables i.i.d. with distribution function 1 — G and 
Y n .\ 1 Yn,2, • • • , Yn,n, Yn,i > Yn,2 > ■ • • > Y n ^ n , the corresponding order statistics. 

Lemma 3.1. // X satisfies the condition of regular variation i2.!2\) , then the 
vector &~ 1 (y n l , . . . , Y n n , 0, 0, . . .) converge in distribution in R°° to 

a(S) 1 / a (r i T 2 1 ^ Q , . . .), where T,; = Y] Xj and Ai, A2, • • • are i.i.d. random 

variables with a standard exponential distribution, i.e. E(A.;) = 1. 

The proof is given in Section [5j 

The second result is a variant of the strong law of large numbers for a 
triangular array. 
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Proposition 3.2. Let {X m> j,l < i < n} be i.i.d. real random variables for 
each m. Suppose that the indices n and m satisfy the following relations 

n-iV r , m-iV 1 - r as N^oo (3.1) 

where < r < 1 is a constant and JVeN. If there exists a real number k > - 
and a constant M > such that E|X m i| fe < M < oo, then 



1 " 

- V X m . t - EX mA 0. (3.2) 

n z — ' n—kxs 

i=l 

The proof is given in Section [5j 

We consider now the estimator of characteristic exponent djy. 

Theorem 3.3. Let . ..,£jv be i.i.d. IK' -valued random elements and £ € 
VR{a, a). If S n is defined by il.5\) with n ~ AH", < ?* < 1, then 

-S n (3.3) 

n JV-s-oo 1 + a 

G 

Remark 1. This means that the quantity _ n g gives a consistent esti- 
mator of the parameter a. 

Proof. By Lemma 13.1 [ it follows that for all i 

/ M W M ( 2 )\ 

l_^ rn± \ ciT - 1/a ^-y a) ^ m ^ oQ _ (34) 

Therefore for all 1 < i < n we have 



X\ + A 2 

Since < < 1, for any integer fc 



l/a 

as m — > oo. 



Ai \ fe/Q 



E<< ► E I — ^- ) . (3.5) 



Simple calculations show that 



At n 1/q 



E -V = ° (3.6) 
VAi+A 2 y oj + 1 v ; 

The random variables >f m ,i, ■ • ■ , Xm,n are i.i.d. and < K m ,i < 1- By applying 
Proposition 13. 2\ we have 

-S n - Ex m ,i -2^> 0. (3.7) 
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Combining this with Q3.5P (|3.6p proves (|3.3p , completing the proof of the theo- 
rem. □ 



Next we consider the estimator of the spectral measure defined by (|1.13p . 
Note that the random elements 9 m> i, . . . , m>n on which this estimator is defined 
are i.i.d. in S. The following lemma shows the asymptotic property for each 

^m,Z5 ^ — 1, . . . , Ti. 

Lemma 3.4. Let £1,. . . ,£jv be i.i.d. IK' -valued random elements such that the 
condition i2.ty) is satisfied. If 8 m _i is defined by hl.lty) , then 

9m.i => cr as m — > oo (3-8) 

for each i. 

Proof. For all Borel set B in unite sphere S such that a(dB) = 0, we have 

P{0 m ,i £B} = P{6n,l/ll6n,l|| e B} 

m 

= mP{e,„/!|6n|| G B,f m ,l = Cm} 

= mP{Wllfm|| G-B,||fm|| > ||&||,Vft = l,...,m-l} 
= mP{£ m /||£ m || € -B, ||£ m || > & m r m _i} 



J mP{U/Um\\ G S.HUII > 6ms}Pr m _i(da:) 



where P Tm _i is the distribution of r m _i = max (HCfcll^m 1 )- 

l<fc<m— 1 

By (|2.2|) and Lemma 13.11 the last term converges to 

J a(B)x~ a P r - 1/a (dx) = a(B)E(T~ 1/a )- a = a{B). 



□ 



Therefore for each Borel set B in unit sphere S such that a(dB) = 0, we 
have 

Jb(0«m) as m -> °°, 

where 77 is a random element with distribution a. This yields 

EIb(^m) ► <r{B). (3.9) 



If there exists a constant r > such that ri ~ N r , applying Proposition 
for the triangular array {1b(0 to ,i), ■ • ■ , ls(^m,n)}, we have for each fixed set 
B G B(5) with <t(&B) = 0, 



n 

-Y]lB(0m,i)-El B (0 m .i)-^O. (3.10) 

t=l 

Together (|3.9p and (|3. 1 0[) we have the following result. 
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Theorem 3.5. Let . . . be i.i.d. IK' -valued random elements and £ £ 
VR(a,a). Ifa N (-) is defined by (TJjfy with n ~ N r , < r < 1, thenMB e 
with a{dB) = 0, 

n 

a N {B) = -Y^l B (6 m ^^^a(B). (3.11) 

»=1 

The result is for a fixed set. A stronger convergence can be proved by an 
immediate application of the following proposition. 

Proposition 3.6. Let (S,S) be a complete separable metric space. Let {a n } be 
a sequence of random probability measure in S. If a is a probability measure on 
(S, S) such that for each set B £ B(S) with a(dB) = we have the convergence 
a n (B) a -4' (7(B), then 

a n =$■' a as n — > oo. 
The proof is given in Section [5] 
Corollary 3.7. Under the same assumption of Theorem \3.5[ we have 

&n =$■' a as N — > oo. 



4 The asymptotic normality of estimators 

In this section we consider the asymptotic normality of the estimators un and 
Let us denote 

a 

a + 1 

where r m — > as m — > oo. Using this notation, we can write 



( ~ , l j = —1= y^X X m,i - a r, 

7 * i=l 



n a 



It is easy to see that (|1.11[) follows from the following three relations : 

1 n 

-= VK^-a^^A^O,^ 2 ), (4.1) 

In, — ' 



in . 

2—1 



nr rn -> 0, (4.2) 



i=l v 7 

Denoting := E(x TO) j — a m ) 2 , we have 

.2 . _2 //„ , i \2/„ , o\\-l 



a z m ^a z =a((a+lY(a + 2))- 
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The relation is a consequence of p.5[) . Since the i.i.d. random variables {x TOi j — 
a m ,l < i < n} are uniformly bounded, we assume \x m ,i — a m \ < M < oo. 
Considering the condition of Lindeberg : for all e > 0, 

I " r 

lim — — \^ / (x mA - a m ) 2 dP 

n->oo naf n ^y{|x m , 4 -a m |>eVn<r m } 

M 2 

< lim — P{|x m ,i - a m \ > E^[no m } 

= o, 



the relation (|4.1| follows from the central limit theorem applied to triangular 
array {x m .i — o-m, 1 < i < The relation (|4.3j) follows from Proposition 13.21 
applied to triangular array {>cf ni ,l < i < n} and Theorem 13.31 Therefore it 
remains to prove (|4.2p . The same proof of Theorem 1 in [TB] gives the following 
result. 

Theorem 4.1. Let . . . , £jv be i.i.d. IK' -valued random elements and £ € 
VR(a, a). If the distribution of '£ satisfies the relation hl.8\) with < a < (3 < oo 
cmd we choose n and m verifying the relation defined by U.10\) . then we have 

Using Delta-method we obtain the result in a more convenient form for the 
statistics. 

Corollary 4.2. Under the same assumption of Theorem \4-.l\ we have 

\fri [oln — a) 



1" , /I 



■Af{0,l). (4.4) 



Remark 2. Simple calculations show that 
1 ™ / 1 \ 2 

-E<<- Mm t^«((« + i) 2 («+2))- 1 . 

n 4 \ n J w^oo 

i—l 



( -(-1 1 

Therefore the asymptotic variance of estimator cijv is - ° +2 ■ This means that 
the confidence intervals of ajv increase with a. 

Before considering the asymptotic normality of the estimator of spectral 
measure, we present a strong second- asymptotic relation : \/B G B(S) with 
a{dB) = 0, 

P lulu £ B, ||£|| > x j = cr(B)a:" a + Cx"' 3 + o(x~' 3 ) asi^oo, (4.5) 
where f3 > a > 0. Note that this condition implies the conditions and 

(T5J). 
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Let us denote o~(B) = b, ls{&m,i) = ?7m,i) i — 1, 2, . . . ,n. Then 

1 n 

Z n = a N (B) - a(B) = - VWi - <r(B)), 

n * — » 



71 

2=1 



1 " 1 " 

\ZnZ„ = — 7= }iVm,i - cr(B)) = —= y (r\ m ,i - E?7 m .i) + \/n(E»?m,i - cr (- B )) I 

V 2=1 V 2=1 

1 " 

U n = —r=y](Vm,i - E? 7rn.l), T m = El] m i - u{B). 

V n , 

V 2=1 



We set 



1/2 ' 



then the asymptotic property of ct at can be described as following. 

Theorem 4.3. Let £,£i, . ■■,£n be i.i.d. IK' -valued random elements and the 
distribution of £ satisfies the condition J^.5[ ). J/ me choose 

n = j V 2 C /(l+20-e j m = #1/(1+20+*, 
where £ = min is an arbitrarily small positive constant, then 

T N =>AT(0,1). (4.6) 

Remark 3. We can get also asymptotic normality for y/nZ n , but the vari- 
ance of the limit normal law is a(B)(l — cr(B)) which we are estimating. 

Remark 4. Fristedt, [9], proved an asymptotic expansion for the distribu- 
tion of the norm of a strictly a-stable random vector in M. d 

G(x) = ax' 01 + c 2 x~ 2a + 0(x~ 3a ), as x -> oo. (4.7) 

That means f3 = 2a. In this case the optimal choice of n and m is n = 
N 2 /' i ~ e ,m = A^ 1 / 3+e , hence the rate of convergence of &n(B) in C\ is close 
to N 1 ' 3 . 



The proof is given in Section [5j 



5 Proofs 

Preliminary remarks 

Let X be K'-valued random element satisfying the condition of regular vari- 
ation (J2J2]). We denote Y = \\X\\ and G{x) = P{Y > x}. Then 

nG(b n x) — > o-{S)x~ a , as n -> oo, for all a; > 0. (5.1) 
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For positive fixed x, we choose n the smallest integer such that b n+ i > x. Then 
b n < x < 6 n +i and for a non-creasing function G we have 

G(Xb n+1 ) G(Xx) G(Xb n ) 

nlh , < nl \ < 7777 r i for all A > 0. 

G{b n ) G[x) G{b n+1 ) 

By (|5.ip we have nG(b n ) — > then 

as x _j. oo f or a n A > 0. 

G(x) 

We deduce that G <G i?- Q , which allow us write the following equivalence 

G(x) ~ x- a L(x), (5.2) 

where L(x) is a slowly varying function. 

We recall a well known result on the asymptotic inverse of a regular varying 
function. 

Theorem 5.1. (J3jj Th. 1.5.12) Let f e R a with a > 0, then 3g(x) e R 1/a 
such that the following relation holds 

f(g(x)) ~ g{f(x)) ~ x as x ^ oc. (5.3) 

Here g (the asymptotic inverse of f) is defined uniquely up to asymptotic equiv- 
alence, and a version of g is 

r{x)=M{y:f{y)<x}. 

We denote 

= rTT ~ ^Trv (5 ' 4) 

G(x) L(x) 

then f(x) € R a with a > 0. By applying the previous theorem, we obtain the 
inverse g{x) of f{x) in the following form, 

g(x) = x 1 ' a l}(x) 

where the slowly varying function Is verifies the following relation 

Hx)-V a Lt{f(x)) -> 1, (5.5) 

and 

L(g(x))~ 1 L i (x) a -> 1, x -> 00. (5.6) 
By and (|5T1)) we have 

G(g(±^)~x, x^O. (5.7) 

Defining the generalized inverse 

G-\x) :=mi{y:G(y)<x}, 
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we can prove that 

GiG^ix)) ~aj, z->0. (5.8) 

For this we choose A > 1, A > 1, 6 € (0, oo), then by the theorem of Potter (Th. 
1.5.6 [3] page 25) there exists uq such that 

A-iX-<*-<>G(v) < G{u) < A\ a+s G(v), Vv e [A _1 u, Aw], u > m - 

We take x small enough such that G~ 1 (x) > uo, then by the definition of G _1 
there exists y 6 [A _1 G _1 (x), G _1 (a:)] such that G(y) > .t, and there exists 
y' e [G _1 (a;) ) AG -1 (a;)] such that G(y') < a;. Taking G _1 (:r) for u, y and y' for 
v, we get 

A ~i A -a-A G(y) < G{G~\x)) < AX a+s G(y'). 

Hence limsup and liminf of G{G~ 1 {x))/x are between AX a+s and A~ 1 \~ a ~ s 
asi-> oo. Taking A, A J, 1, we have G(G _1 (x))/a; — ^ 1. 
The relations (|5 . T[) and (|5.8[) give immediately 

G" 1 ^) ~ c/(l/x), 0. 

Thus we have the equivalent expression of the inverse of G(x): 

G-\x) ~ x- 1,a L\l/x) 6 i?_ 1/Q (0+). (5.9) 

Lemma 5.2. Lei X fc a IK' -valued random element, G(x) = P{||X|| > x}. If 
the distribution of X satisfies the condition h2.2\) . then for each £ = 1,2,..., 



b^G' 1 ( -^—] > a(S) 1/a T~ 1/a with probability 1. (5.10) 

Proof. We recall (|5.ip nG(b n x) —> a(S)x~ a which implies 

a(S) ( b n \ a 
G(x n ) — — , n ->• oo 



where x n = b n x, x n — > oo, as n — > oo. By replacing the left term in the previous 
formula by (|5.2p . we get an equivalent expression of b n in terms of L(x): 



nL(x n ) x 1 



oo. (5.11) 



Considering (|5.9p . we have an equivalent expression with probability 1 for 
each i, 

where satisfies (15.51) which means 
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Collecting (|5.11[) - (|5.1 3[) we deduce that with probability 1 



b~ L G 



"(S) 



1/a 



as n — > oo, since T n+ i/n > 1; the lemma is proved. 

n— >oc 



□ 



Proof of Lemma [5~J[ It is well known that (see, e.g. [3] Section 13.6) 



, . . . , G 



The lemma follows from (|5.10|) and (|5.14p . 



(5.14) 
□ 



Proof of Provosition 1 3. 21 Denote Y m i — X mi — EX m i, then the random 
variables {l^i, 1 < i < n} are centered and i.i.d.. We have 

E|F m ,i| fc < E(\X mtl \ + \EX mA \) k < E(2 fe - 1 (|X m , 1 | fc + |EX mil | fc )) < 2 k E\X mA \ k . 

It is well known (see [19]) that for k > 2 we have 



E 



5> 



< c(fc)n fc / 2 E|Y m>1 |*, 



where c(fc) is a positive constant depending only on k. We deduce from the 
condition (|3.ip that there exists a constant C > such that n > CN r . Hence 
for all e > we have 



n 

n ^ — ' 



( = 1 



E 



< 



2 k c(k)-E\X mA \ k c 



C*N^e k N^e k ' 



where c = 2 k c(k)M/C*. Since f > 1, we can find a small enough positive 

number e' such that 4f — e' > 1. Taking e = e^v = iV~T and applying the 
Borel-Cantelli lemma, we get that with probability 1 and for N large enough 

1 



; = 1 



the proposition is proved. □ 
Proof of Proposition \3.6[ We denote the collection of all cr-continuity sets 
V a = {B | B e B(S), a{dB) = 0}. 



by 
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Since S est separable, there exists a countable dense set in S, denoted by 



W = {x 1 ,x 2 , . . .}, Xi £ S, i = 1,2, — 
We denote the open ball with centre Xi in W and radius r by 

V(xi,r) = {x \ x £ S, \\x - Xi\\ < r}. 

Since for each x% £ W the boundaries d{V(xi,r)} C {x | ||x — Xi\\ = r} are 
disjoints for different r, at most a countable number of them can have positive 
er-measure. Therefore, there exists a sequence of positive numbers r\ \. as 
k — > oo for each x% such that 

U = {V(x u rl),k = 1,2,... }£\V a . 

The collection L = (J Lj is countable. It is clear that for each x% £ W , the 

Xi£W 

collection L< is a local base at point for la topology S. Since is dense in 
S, L is a base of 5. The er-algebra generated by L, denoted by u(L), is the 
Borel-field B(S). 

Now we expand L by adding the finite intersections of members of L, we 
denote 



£ = L U J p| Vi 

Kiel 



Vi £ L, I C N, card(J) < oo 



It is clear that £ is still countable and <r(£) = B(S), moreover £ C T) a . Since 
a n (B) a 4' a{B) for all B £ B{S) and (7(95) = 0, then W G £, 3A y C and 
P(Ay) = 0, such that Vw G we have 

a n (uj,V) ^ a(V). (5.15) 

If we denote A = (J Ay, then P(A) = 0. Moreover Vcj G A^ we have always the 

convergence (|5 . 15[) for all V £ £. The collection £ is closed under the operation 
of finite intersection. By Theorem 2.2 in [2] (page 14) we have a n a, Vcj G A^, 
which implies a n =£' a. □ 



Proof of Theorem \4-3\ We denote c 2 = 6(1 — 6). In order to prove (|4.6p it 
suffices to show the following relations, 

U n -^AA(0,c 2 ), (5.16) 

TV— !-00 

\/rir m -> 0, (5.17) 



if 2 /if \ 

i=l \ i=l / 



2 



JY 



c 2 . (5.18) 
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Since < ls(0 m ,i) < 1, the moments E|tB(#m,i) — Els(0„ i J ;)|' c are uni- 
formly bounded for all k > 0. The limit variance is 

c 2 ri := E(r? m ,i - E?7 m a) 2 = Er^ - (E^.j) 2 = & + r m - (b + r m f -> c 2 , 

if we have (|5.17p . We consider the condition of Lindeberg: for all e > 0, 

1 - r 

lim — V / (lB(0m,i) " El s (0„ M )) 2 dP 

= lim 4" / (! fl (0 m>i )-EI B (0 roii )) 2 dP 
< lim -L(E(I B (flm,i) - E1 B (#„ M )) 4 ) 1/2 (P{|>W - a m | > eV^m}) 1/2 



n-s-oo c 2 



= 0. (5.19) 

The relation (|5.16p follows from the application of central limit theorem for the 
triangular array {l B (0 m ,i ) - ~E 1 B (0 m ,i)}- 

It is easy to see that f|5 . 1 8[) follows from the application of Proposition 13.21 
to triangular array {rj^ ,}. It remains to establish the relation f|5 . 1 7|) . In fact, 
we have \r m \ < Cmax()n~ 1 ,m^'' 3 ~ a '/ a ) from the following lemma. Taking an 
arbitrarily small positive constant e and 

n = N^~ e , m = ATTT3c +e , 

we get \pnr m ~ > 0, the theorem is proved. □ 



Lemma 5.3. If the condition J^.5[ ) is satisfied, then 

\r m \ < Cmax(m- 1 ,m- ( ^ a)/a ). (5.20) 
Proof. In order to prove (|5.20p . we need to show that 

P{6 m ,i eB} = a(B) + R rn , (5.21) 
with the remainder term R m = 0(max(m _1 , m'^" a '/°)). Let us denote 

G m (x)=p\ max ||&|| < x 

I 1 <i<rn— 1 

Using the definition of mj £, it is not difficult to see that 

P{e m ,i € B} = mj™ P j A e B, || 6 II > r j G m (dr). 

Let G m (x) = G m (a;TO 1 / Q ). Assumption f|4.5[) implies (we recall that cr(5) = 1) 
that for large s, 

P{||£|| >*} = s~ a + Gs^ + o{a~ p ). (5.22) 
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Therefore, it is easy to get the relation 
lim G m (x) = G (x) = 



exp(— x a ), x > 0, 
0, x<0. 



Using (|4.5p and the fact that / °° y a dGo(y) = 1, we have (|5.2ip with R n 
Yh=i R rn,n where 

Rm,i = p|J^eS,||a|| >r|dG m (r), 

Rm,2 = -<r(B) f y- a dG (y), 

J O 

y- a d(G m (y)-G (y)), 

/*oo 

R mA = CmrV- a V a / y~ p dG m {y). 



Here s' = sm 1 ' a and we shall choose s later. It is easy to see that 
Rm,i < m(l - P{||6II > s}) m = m(l - /im" 1 )" 1 < me"^, 

where ft = h(m,s) = mP{||£i|| > s} > |ms"°. We have used (|5.22[) for the 
last inequality. Thus, if we choose 

l/a 



>Klnm/ 

with sufficiently large K, then we get 

Rm,i = aim- 1 ). (5.23) 

Simple calculations show that 

R m ,2 = oimT 1 ). (5.24) 

The main remainder term is i? mj 3 and to estimate it we must first estimate the 
difference G m {y) — Go(y). A rather simple expansion of logarithmic function 
gives the following estimates which are sufficient for our purposes. 

Lemma 5.4. ffty Lemma 2) Let > 1 be i.i.d. random vectors satisfying 
(MM> - Then for y > cm' 1 / 01 

\G m (y) - G (y)\ < C(a, /3) exp^^X™"^/^ + m~ V 2 ") (5.25) 
and 

sup \G m (y) ~ G (y)\ = C(a, 0) xoax(m- l ,mr^- a)/a ). (5.26) 
y 
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Now we can estimate the term R m ,3- Integrating by parts, we get 

\R m ,3\=a(B)(R^ 3 +R^ 3 ), (5.27) 

where 

fl£a = s'- a \G m (s') - G (s% 
R% = « r \G m (y) - G^y-^dy. 

J s' 

Since s' = (A'lnm) -1 /" > Cm -1 '", we can use (|5.25p to estimate both quanti- 
ties R^ 3 ,i = 1,2. After some simple calculations, we get 

R%] 3 < C(a,/3)max(m- 1 ,m-( /3 - Q '/ a ). 
In a similar way we estimate R m ,i'- 

POO 

R mA = Cm-^- a V<* y^dG m (y) = Cm-^- Q )/ Q (i?W 4 + J R^ 4 ), (5.28) 

J s' 

where 

/oo 
y- f3 dG (y), 

/OO 
y- fj d(G m (y)-G (y)). 

It is easy to see that 

R% A <C(a,p) (5.29) 

(2) 

and R m 4 can be estimated in a similar way to R m ,3- 

R^a < C(a, p) max(m _1 ,m-^- a ^ a ). (5.30) 
Collecting (J523J), ([Ol, and ([5^27]) - ([530)1 we get (JOPJ. □ 
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